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Abstract

In this note we study the local behaviour of the multi—variate Bernstein
polynomials B, on the d-dimensional simplex S C R%. For functions
f admitting derivatives of sufficient high order in x €S we derive the
complete asymptotic expansion of B, f as n tends to infinity. All the
coefficients of n™* that only depend on f and x are calculated explicitly.
It turns out that combinatorial numbers play an important role. Our
results generalize recent formulae due to R. Zhang.



1 Introduction

For each function f defined on [0, 1], the classical Bernstein polynomials B,
(n=0,1,2,...) are given by
" /n\ newv [V
B0 =3 (Nara-ar s (Y) webah @
v=0
Bernstein [8] already proved that, for ¢ € N and f € C?7[0,1], the univariate
Bernstein polynomials satisfy the asymptotic relation

Bo(fim) = f@)+ 3 20 ) L o(nt) o), (@)
k=1

s! ns

where

T, (z) = En: (v — nz)® (Z)x (1—2)"" (s=0,1,2,...).

v=0

In a very recent paper [19] R. Zhang presented a pointwise asymptotic ex-
pansion for Bernstein polynomials on a triangle in terms of the two—dimensional
generalization of T,, ; ().

The drawback of Formula (2) and also of Zhang’s bivariate formula is that
the terms T, s (z) contain the parameter n in a very implicit manner. The
Bernstein polynomials B,, possess a complete asymptotic expansion of the form

By (fiz) ~ f(2) + Y cx(fsz) n™"  (n— o0), (3)
k=1

provided f admits derivatives of sufficiently high order at = € [0,1]. All
coefficients ¢ (f;z) are independent of n. Formula (3) means that, for all
m =1,2,..., there holds

m

By (fiw) = f(@) + Y er(fiz) n " +o(n™™)  (n— o).

k=1

The aim of this paper is to derive a multi-dimensional version of Eq. (3) for
multivariate Bernstein polynomials. All the coefficients of n~* that only depend
on f and x are calculated explicitly. It turns out that combinatorial numbers
play an important role.

Let S C R? (d € N) be the simplex defined by

S={xeR? |2;,>0 (i=1,....d), 1—|x|>0}.

Throughout this paper, for x = (z1,...,74) €R? and k = (ky, ..., kq) ENZ, we
denote as usual

d
x| = in, xk:foi,
i=1 j



d d
k| = Zk k! :Hki!
=1 =1

and, for k, m €R?, we write k < m iff there holds k; < m; (i =1,...,d). For
neNy, k eNg, we put (}) = n*l /Kl where 2 =2 (z — 1)+ (z —m + 1), 20 =
1 denotes the falling factorial.

For each neNy and f : & — R, the multivariate Bernstein polynomial on
the simplex S is defined by

Bu(fx)= Y pox() f (ﬁ) (xeS), (1)
[k|<n
where p, x (x) = (1)x* (1 — |x|)"_‘k| and ax = (axy,...,azxq), for a € R.

It is obvious that in the special case d = 1 we obtain the well-known univari-
ate Bernstein polynomials (1). The case d = 2 are the Bernstein polynomials
on a triangle which were studied by Zhang [19].

We mention that analogous results for the Bernstein—Kantorovich operators,
the Meyer-Konig and Zeller operators and the operators of Butzer, Bleimann
and Hahn can be found in [4, 1, 3, 2, 5]. Similar results on a certain positive
linear operator can be found in [10, 7].

2 Main Results

Let g€N. For a fixed x = (1, . ..,24) €S, let K9 (x) be the class of all bounded
functions f : & — R such that f and all its partial derivatives of order < ¢ are
continuous in x.

Theorem 1 (Complete asymptotic expansion for the operators B,,). Let €N,
x €S, and f € K24 (x) . The multivariate Bernstein polynomials on the simplex
S satisfy the asymptotic relation

a
. _ e 1 ols!
B, (fix) = f(x)+;n zs: S'(Wf()()>
B k<|s|<2k
Z a(k,s,v) x> +o(n9) (n — 0),

v
v<s

where the coefficients a (k,s,v) are given by

ahsy)= Y (_1)|s|r|5’(|r|—|u,|r—k)H((ii)a(ri,n—ui)>.

v<r<s|r|>k =1
(5)

ol



Remark 1 . If f € K[>l (x) = Mozt K4 (x), the multivariate Bernstein poly-
nomials on the simpler S possess the complete asymptotic expansion

o0

By (fix) ~ f(x)+ ) _ern(fix) n™"  (n— o0),

k=1

where

olsl
cr(fix) = Z 5 <Wf(X)> Za(kvsvy) x>

S
k<|s|<2k v<s
and a (k,s,v) is as defined in (5) .

The quantities S (n, k) and o (n, k) denote the Stirling numbers of the first
and second kind, respectively. Recall that the Stirling numbers are defined by
the equations

xﬂ:ZS(n,k) zF  resp. x":ZU(n,k) zk (n=0,1,...). (6)
k=0 k=0

Furthermore we put S (n,k) = o (n, k) =0if k > n.

Remark 2 . In the univariate case d =1 we obtain the well-known formula

q s

2k
Bu(fsa) = F )+ 03 0 @)Y ak,s,w) 2 o (n)
s=k

k=1 v=0
as n — 00, where

S

alksv)= > (1)3—’”<j)5(ry,rk)a(r,ru),

r=max{v,k}

provided f is bounded on [0,1] and admits a derivative of order 2q at x € [0,1]
(cf. [2, Lemma 1]).

In the special case ¢ = 1 Theorem 1 reveals the following Voronovskaja—type
result.

Corollary 2 (Voronovskaja—theorem for the operators B,). Let x €S, and
fe K (x). The multivariate Bernstein polynomials on the simplex S satisfy
the asymptotic relation

4 0%f (x d 0% f (x

i=1 ij=1




The classical theorem of Voronovskaja [18] is obtained in the special case
d=1.

For the convenience of the reader we list the explicit expressions for the
initial terms of the asymptotic expansion. In order to simplify the notation we
restrict ourselves to the case d = 2.

Let (z,y) €S, and f € K6 (2,y). The bivariate Bernstein polynomials on
the simplex S C R? satisfy the asymptotic relation

Baf = g (a1 =2)fer — 20yfy + 3 (1~ 3) )
+i ( z(1—2) (1 —22) fope + 32y 2z — 1) fray )
6n2 \ 32y (2y — 1) fayy +y (1 —y) (1 = 2y) fyyy

z? (1 - I)2 Jas — 4x2y (1 - I) fgcy3
+— 2y (1 — 2 — y + 3xy) fr2,2

8n2 —4xy2 (1 _ y) fa:3y + y2 (1 _ y)2 fy4
1 z(1—x) (1 —6x —62?) foa — day (1 — 62 — 622) fya,
+m —6zy (1 — 20 — 2y + 62y) fr2,2
—4zy (1 — 6y — 6y2) Jor +y (1 —y) (1 — 6y — 6y2) [y
22 (1—2)? (1 = 22) fos — 522y (1 — 2) (1 — 22) fony,
n 1 +ay (1 — 62 —y + 15zy + 52?2 — 20m2y) Jasy2
12n3 tay (1 — z — 6y + 15zy + 5y* — 20zy?) fa2,s
=52y (1 —y) (1= 2y) fays + 52 (1 —9)° (1= 2) f
23 (1 — ac)?’ fas — 623y (1 — x)2 Jasy
1 +32%y (1 — z) (1 — 2 — y + 5ay) fra,e
+48n3 —43;2y2 (3 =3z — 3y + 5xy) frsys
+3xy (1 - y) (1 —T—-y+ 5xy) fx2y4
_nyS (1 - y)2 fzy5 + y3 (1 - y)3 fyG
+o(n™?%) (n — ).

The corollary contains a result due to D. D. Stancu [17] (cf. [12, Eq. (5.87), p.
68]).

3 Auxiliary results
For each multi-index r = (r1,...,74) €N, we put e, (x) = x*.

Lemma 3 . For allr = (ry,...,7q) ENY, the moments of the Bernstein poly-
nomials possess the representation

d

|r|
B, (er;x) :Zn‘k Z xS (|v|,|r| — k) Ha(ri,ui) (x €8).

= v =1
R0 e ek '



Proposition 4 . Foralls = (s1,...,sq4) EN&, the central moments of the Bern-
stein polynomials possess the representation

Is|

Bu(C=x ) =Y 0t Yalkss) X0 xeS) (0

k=0

where the coefficients a (k,s,v) are given by Eq. (5).

In order to show Theorem 1 we use a general approximation theorem for
positive linear operators [6].

Lemma 5 . Let ¢€N and x €S. Moreover, let L, : KP4 (x) — C(S) be a
sequence of positive linear operators. If, for k = 2q and k = 2q + 2,

Lo (Il = xl5:%) =0 (n7L6+02) (1 o0, (®)

then we have, for each f € K124 (x),

1 ([ 08f(x) s
L (f;x) = S\ ) In ((=%)7; - :
(f;x) 2 ol (5@?---81:2‘1) (( X) x)+o(n ) (n — o0)
Is|<2q
The special case d = 1 is due to Sikkema [15, Theorems 1 and 2].

Remark 3 . Forr=0,1,2,..., we have

It —x|5" = <i (ti — xz‘)2>T =Y (2) (t —x)*.

i=1 |s|=r

In order to apply Lemma 5, we have to check whether the Bernstein poly-
nomials satisfy condition (8). By Remark 3, we have to show that

L, (( —x)* ;x) =0 (nilsl) (n — o0),

for all s eNg. In the following Lemma we shall prove a slightly more general
result.

Lemma 6 . Foreachx €S and alls eNg, the central moments of the Bernstein
polynomials satisfy the estimation

B, ((' - x)° ;X) =0 (n_ms‘ﬂ)m) (n — 00).
For the proof we shall make use of the following well-known representations

for the Stirling numbers of the first kind

2k

S(n,n—k)zZ(?)SQ(j,j—k) (k=0,1,...n; n=0,1,2,...) (9)

Jj=k



resp. second kind

2k n
a(n,n—k)zz<j)02(j,j—k) (k=0,1,...n; n=0,1,2,...) (10)

J=k

(see [9, p. 227], cf. [11, pp. 149-153]). The quantities S3 (n, k), o2 (n, k) denote
the associated Stirling numbers of the first resp. second kind. Recall that the
associated Stirling numbers are defined by their double generating function

Z Sy (n, k) t"uF/n!l =e M (1+1t)"
n,k>0

resp.

Z oa (n, k) t"u”/n! = exp (u(e!—1-1)).

n,k>0

(see [9, p. 295 and p. 222]).
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